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Abstract. The notion of silting mutation was introduced by lyama and the author. In 
this paper we mainly study silting mutation for self-injective algebras and prove that any 
representation-finite symmetric algebra is tilting-connected. Moreover we give some sufficient 
conditions for a Bongartz-type Lemma to hold for silting objects. 



1. Introduction 

The study of derived categories is important in many branches of mathematics, for example 
representation theory and algebraic geometry. Derived categories include much of the informa- 
tion of an abelian category. The study of equivalences of derived categories is a major subject. 
In representation theory, it is important that derived equivalences preserve many homological 
properties, e.g. an algebra being symmetric, self-injective or Iwanaga-Gorenstein. Moreover 
representation-finiteness of self-injective algebras is also derived invariant. 

From a Morita theoretic viewpoint |Rlj . tilting complexes are crucial. Moreover tilting muta- 
tion of a tilting complex often plays an important role for Broue's abelian defect group conjecture 
and Brauer tree algebras. In the study of Broue's conjecture, Okuyama's method is often em- 
ployed to show that the conjecture holds in several cases [U j IR2j . This is nothing but taking 
iterated tilting mutation of tilting complexes. On the other hand, the author introduced mu- 
tation of Brauer trees and proved that it is compatible with tilting mutation for Brauer tree 
algebras P] . 

In this paper we mainly consider symmetric algebras. Then tilting mutation acts on the set 
of basic tilting complexes. We say that a symmetric algebra is tilting-connected if the action 
of iterated irreducible tilting mutation on the set of basic tilting complexes is transitive: see 
Definition 13.11 We pose the following natural question: see Question 13.21 

Question 1.1. When is a symmetric algebra tilting-connected? 

It was shown in |AIj that a local symmetric algebra is tilting-connected: see Theorem 13.31 
On the other hand, there is a symmetric algebra which is not tilting-connected [AGIj . 
A main result of this paper is the following. 

Theorem 1.2. Any representation-finite symmetric algebra is tilting-connected. 

As another theme of this paper, we consider a Bongartz-type Lemma. We recall the definition 
of a (classical) tilting module. Let ^ be a finite dimensional algebra over a field. An ^-module 
T is called a tilting module if it satisfies (i) Ext\(r, T) = 0, (ii) the projective dimension of T 
is at most one, and (iii) there exists an exact sequence O^A^Tq^Ti^O with Tq,Ti in 
addr. 

Bongartz proved the result [B] . 

Theorem 1.3 (Bongartz). Any A-module satisfying (i) and (ii) above is a direct summand of 
a tilting module. 



2 



TAKUMA AIHARA 



It is natural to consider a Bongartz-type Lemma for complexes over a finite dimensional alge- 
bra A. We say that a complex T in K^(proj A) is pretilting if it satisfies HomKb(pj.oj a) (^j ^[^]) = 
for any non- negative integer i, and partial tilting if it is a direct summand of a tilting complex. 
Cleary any partial tilting complex is pretilting, but the converse is not true in general (e.g. |Rlj ). 
It is natural to ask when the converse is true. We pose the following question: see Question 

EH 

Question 1.4. Let A be a symmetric algebra. Is any pretilting complex partial tilting? 

Abe and Hoshino proved that Question 11.41 has a positive answer if A is a representation- finite 
symmetric algebra [AHj . We give a simple proof of their result by applying our theory of tilting 
mutation: see Corollary [521 

This paper is organized as follows: 

In Section [21 we study silting mutation of silting objects and a partial order on the set of 
basic silting objects, which have been introduced by lyama and the author |AIj . We give two 
different Bongartz-type Lemmas (Proposition 12.16) and Theorem 12. 17p . They play an important 
role in later sections. 

In Section [31 we consider silting transitivity of silting objects. We give a sufficient condition 
for two silting objects to be iterated irreducible silting mutation of each other (Theorem 13. 5p . 
This is the first main step in the proof of our main theorem. 

In Section [H we show that any covariantly finite torsion class gives rise to a silting object 
(Theorem l4.10p . This is the second main step in the proof of our main theorem. Our construction 
is generalization of that of Okuyama-Rickard complexes (cf . |AH [Q] ) : see Example 14.81 

In Section [5l we prove our main theorem: that any representation-finite symmetric algebra 
is tilting-connected (Theorem 15. 2p . The important result (Proposition 15. ip seems to be very 
interesting by itself. Moreover we give some examples of the behavior of silting mutation. 

Notation Let T be an additive category. For an object X of T, we denote by addX the 
smallest full subcategory of T containing X which is closed under finite direct sums, summands 
and isomorphisms. 

Let ^ be a finite dimensional algebra over a field. We denote by mod A (proj A) the category of 
finitely generated (projective) right A-modules and by K^(modA) and K'^(proj^) the bounded 
homotopy category of mod^ and proj A, respectively. For an integer i, we denote by : 
K'^(mod^) — > mod^ the i-th cohomological functor. An A-module means a finitely generated 
right A-module. We always assume that an algebra is basic. 

Acknowledgments. The author would like to express his deep gratitude to Osamu lyama and 
Joseph Grant who read the paper carefully and gave a lot of helpful comments and suggestions. 

2. Silting objects and silting mutation 

2.1. Preliminaries. The aim of this subsection is to study silting mutation and a partial order 
in the sense of [AJ] and to give some results which are necessary for the rest of this paper. 
Throughout this paper let T be a triangulated category and we assume the following: 

Assumption 2.1. Tis Krull-Schmidt, fe-linear for a field k and Horn-finite, that is, dimfcHom7-(X, Y) < 
oo for all objects X,Y in T. 

Let X be an object of T. We denote by thickA" the smallest thick subcategory of T containing 
X. We say that X is basic if the endomorphism algebra of X is basic. 
Let us start with the definition of silting objects. 

Definition 2.2. Let T be an object of T. 
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(a) We say that T is presilting if Hom7-(T, r[i]) = for any positive integer i > 0. 

(b) We say that T is silting if it is presilting and satisfies T = thickT. We denote by siltT the 
isomorphism classes of basic silting objects in T. 

(c) We say that T is partial silting if it is a direct summand of a silting object. 

We say that a morphism f : X ^ Y is left minimal if any morphism g : Y ^ Y satisfying 
gf = f is an isomorphism. Dually we define a right minimal morphism. 

Let be a full subcategory of T. We say that a morphism f : X ^ M is a left Ad- 
approximation of X if M belongs to M and Hom7-(/, M') is surjective for any object M' in M. 
We say that M. is covariantly finite if any object in T has a left 7W-approximation. Dually, 
we define a right A4- approximation and a contravariantly finite subcategory. We say that A4 is 
functorially finite if it is covariantly and contravariantly finite. 

Assumption 12.11 implies that addM is a functorially finite subcategory for any object M in 
T. To see this, let X be an object of T and {/i,--- ,/n} a A:-basis of the /c-vector space 
Hom7-(X, M). Then the morphism 



fi 

f2 



:X^M 



ffin 



fn 

is a left addM-approximation of X, which implies that addM is covariantly finite in T. By a 
similar argument, we see that addM is contravariantly finite in T. 
Now we define silting mutation. 



Definition-Theorem 2.3. jAIj Let T be a basic silting object in T. For a composition T = 
X © M, we take a triangle 

X M' Y X[l] 

with a minimal left addM-approximation f : X ^ M' of X. Then ^'^{T) := y © M is again a 
basic silting object, and we call it a left mutation of T with respect to X. 

Dually we define a right mutation fi^{T) of T with respect to X. We will say that (Silting) 
mutation to mean either left or right mutation. We say that mutation is irreducible if X is 
indecomposable. 

The following definition is very useful. 

Definition 2.4. For any objects M,N of T, we write M > A'" if Hom7-(M, A^[i]) = for any 
positive integer i > 0. 

Remark 2.5. Note that the relation > on objects of T is far from being a partial order. 
Nevertheless we use the notation > since it is very simple and moreover > is a partial order on 
the set silt T by the following result. 

Theorem 2.6. |AH Theorem 2.11, Proposition 2.14, Theorem 2.35] The following hold: 

(1) ^ gives a partial order on siltT". 

(2) Let T, U be basic silting objects in T. 

(i) T >U if and only if any object XofT with U > X satisfies T > X. 

(ii) If U belongs to addT, then U is isomorphic to T. 

(iii) The following are equivalent: 

(a) U is an irreducible left mutation ofT; 

(b) T > U and there is no basic silting object V inT satisfying T > V > U . 
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We observe the relation > on objects of K*^(projj4). 

For a finite dimensional algebra A over a field k, we denote by D := Homfc(— , k) : mod ^4 -f-)- 
mod the /s-duality, where is the opposite algebra of A. We denote by z/ := DHom^(— , A) : 
mod^ — > mod A the Nakayama functor of A and put := lloniA{DA, —). 

The following result is useful to calculate fc-vector spaces Hom^^b(pi.oj^)(-P, Q) on K'^(proj^). 

Lemma 2.7. [Hi IHKj Let A be a finite dimensional algebra over a field. Let X be an object of 
K*^(mod^) and P an object of K^{proi A). Then we have a bifunctorial isomorphism 

HomKb(jnodA)(^>^) - -DHomKb(i„odA)(^)^-P)- 

Example 2.8. |AH Example 2.8] If ^ is a symmetric algebra, then any (pre)silting object is 
(pre)tilting. Indeed by Lemma 12.71 the condition that A is symmetric implies that there exists 
an isomorphism IIom7-(T, T[i]) ~ Z) IIom7-(T, T[—i]) for all integers i. 

Let X be a non-zero complex in K^(proj A) for a finite dimensional algebra A. We define the 
length of X as length (X) = h-a + l whenever X* = for i < a < 6 < i and X" 7^ 0, X'' 7^ 0. 
The observation below shows that > is closely related to the length of a complex. 

Proposition 2.9. Let A be a finite dimensional algebra over a field and T := K^(proj A). Let 
X be an object of T and £ > 0. Then the following are equivalent: 

(1) length(X) < i; 

(2) A[n] > X > A[i + n — 1] for some integer n. 

Proof. We show the implication (1)^(2). Since length(X) < £, we can write 

X = { > ^ j^-^-n+l ^ ^ ^-n ^ ^ . . . ) 

for some n G Z. This immediately implies A[n\ > X > A[l!. + n — V\. 

We show the implication (2)=>(1). Applying shifts, we can assume n = 0. As A > X, we 
observe H^{X) = for any i > 0. Since any term of X is a projective module, we see that 
X is isomorphic to a complex (•••—)■ — > — > • • • ). By Lemma 12.71 we have an 
isomorphism HomKb(mo(j^)(y4, ~ DRomf{X[i], A). As X > A[i — 1], we see W{vX) = 

for any i < —L Since any term of uX is an injective module, we obtain that vX is isomorphic 
to a complex (• • • ^ ^ ^ . . . ). xhis implies X ~ (• • • ^ ^ i/^^Z-^+i 

u~^Z~^^'^ —)■•••). Thus X can be represented by a complex 

( ^ ^ ^ X° ^ ^ • • • )■ 

Hence the assertion holds. □ 

The following results play an important role later. 

Proposition 2.10. (Alt Proposition 2.23] Let T be in siltT. For any object U of T with 
T > U = Uq, we have triangles 

Ui To Uo C/i[l], 



u, r,„i ^ — - C/41], 

for some ^ > such that fi is a minimal right addT- approximation and gi^i belongs to Jj- for 
any < i < i where Jj- is the Jacobson radical of T. 
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Lemma 2.11. [All Lemma 2.24] Let T he in siltT and Uo,Uq be objects of T such that T > 
Uo,Uq. For Uq, we take £ > and so obtain triangles as in Proposition \2.1(A Also for Uq, we 
get triangles 

' ' ' 1 

T[, — ^ [/;, ^ 0, 

satisfying the same properties. Ifilom-i-{U(), UqII]) = holds, then we have (addr£)n(adclTQ) = 0. 

We improve the result |AIl Proposition 2.36]. 

Proposition 2.12. Let T be in siltT and let U be a presilting object ofT which does not belong 
to addT. IfT>U, then there exists an irreducible left mutation PofT such that T > P > U . 

Proof. This is a simple modification of the proof of |AH Proposition 2.36], but for the convenience 
of the reader we give full details here. Since U ^ addT and T > U, we obtain triangles as in 
Proposition 12.101 with £ > 0. Now take an indecomposable object X of Ti and put P := fi~^{T). 
By Theorem 12.61 we have T > P. To show P > U, we consider the triangle as in Definition- 
Theorem [231 i.e., T = X ® M, P = Y ® M and the triangle X ^ M' ^ Y ^ X[l]. Since we 
have an exact sequence 

Homr(A:, U[i]) Homr(y, U[i + 1]) ^ Homr(M', U[i + 1]), 

we find that Hom7-(i-', C/[i]) = for any i > 1. Thus it remains to prove }lom-j-{P,U[l]) = 0. 
Since we have an exact sequence 

Homr(Af', U) ^ Homr(^, U) Homr(>", U[l]) Homr(M', U[l]) = 0, 

we only need to show that Hom7-(M', U) — )• Hom7-(X, U) is surjective. Fix a : X ^ U and 
consider a diagram 

Y[-l] X M' 

a 

9i Jo 

where the lower triangle is given in Lemma 12.111 as Uq = U. Since /q is a right addT- 
approximation, we get a morphism 6 : X — )• Tq with a = f^b. Since addT^ PI addTg = by 
Lemma 12.111 we have X addTg and so Tq G addM. Since / is a left addM-approximation, we 
obtain c : M' — > Tq with b = cf. Thus we see that a = (/qc)/ and the assertion holds. □ 

2.2. A Bongartz-type Lemma for silting objects. In this subsection we consider a Bongartz- 
type Lemma in a triangulated category T. 
Let us start with the following observation. 

Proposition 2.13. [AT; Corollary 2.28] All silting objects in T have the same number of non- 
isomorphic indecomposable direct summands. 

In general a Bongartz-type Lemma does not hold for tilting objects in T, but we can hope 
that the question below has a positive answer. 
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Question 2.14. Is any presilting object in T partial silting? 

If A is a symmetric algebra and T := K'^(proj A), then Question 11.41 is notliing but Question 
see Example ESI 

When A is an algebra presented by a quiver Q with relations, for any vertex i of Q we denote 
by Si and Pi a simple ^-module and an indecomposable projective yl-module corresponding to 
i, respectively. 

Example 2.15. Let A be the path algebra of the quiver 1 ^ 2 — )• 3. Then for any integer n, 
T := P3 (B Si[n\ is a pretilting object in K^(proj A) but not a partial tilting object (see |RH 
Section 8]). On the other hand, we see that T is a partial silting object. For each choise of 
n G Z, {Ml I £ € Z} gives a complete lists of complements to T, where 

(1) if n > 0, then 

Mf 



2 ) [^] if < ^ < n 



if ^ > 



(2) if n < 0, then 



Mf 



[i] [fi<n 



{2 )[£] ifn<e<0 



Here, we have denoted an y4-module by its Loewy series. 

The following result is natural generalization of Bongartz's result [B] (cf. |AHl Lemma 3.1]), 
which plays an important role in Section HI 

Proposition 2.16. Let T be in siltT. Then any presilting object U in T satisfying T[—l] > 
U >T is partial silting. 

Proof. We take a triangle V ^ U' T ^ y[l] with a right addfZ-approximation /:[/'—?> T of 
T. Put W := U (B V . Since T is a silting object, we can check T = thickl4^ easily. 

(i) We show Hom7-([/, V[i]) = for any i > 0. Since we have an exact sequence 

Homr(C/, T[i - 1]) A Homr(C/, V[i]) Homr(^7, U'[i]) = 0, 

we observe Hom7-(C/, V[i]) = for any i > 0. 

(ii) We show Hom7-(y, = for any i > 0. Since we have an exact sequence 

= RomriU', W\i]) HomrCl^, W\i]) RomriT[-l],W\i]) Homr(C/'[-l], W[i]) = 0, 
we find an isomorphism Hom7-(y, — Hom7-(r[— 1], Since there is an exact sequence 

Homr(r, T[i]) Homr(T, V[i + 1]) ^ Homr(T, U'[i + 1]) ' 0, 

we obtain Hom7-(T, V[i + 1]) = for any i > 0. This implies Hom7-(y, = for any i > 0. 

By (i) and (ii), we see Hom7-(VF, VK[i]) = for any i > 0. Thus the assertion holds. □ 

The theorem below shows that finiteness of the number of basic silting objects up to shift 
implies a positive answer for Question 12.141 
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Theorem 2.17. Let T be in siltT and U be a presilting object ofT with T >U. If there exist 
only finitely many V G silt T satisfying T > V > U , then U is a partial silting object. 

Proof. We shall find a silting object T' such that U is isomorphic to a direct summand of T' . 
Assume that U is not a partial silting object. By Proposition 12. 12] we have an infinite sequence 



of irreducible left mutations satisfying Ti > U for any i > 0. It is a contradiction since there 
exist only finitely many V € silt T satisfying T > V > U . Hence U is isomorphic to a direct 



In this section we will discuss silting transitivity, i.e., the transitivity of irreducible silting 
mutation on silt T. 

The following definition is very useful. 

Definition 3.1. (1) Let T, U be basic silting objects in T. We say that U is connected (respec- 
tively, left- connected) to T if [/ can be obtained from T by iterated irreducible mutation 
(respectively, left mutation) on silt T. 

(2) A triangulated category T is called silting- connected if all basic silting objects in T are 
connected to each other. We say that T is strongly silting- connected if for any silting objects 
T,U of T with T >[/,[/ is left-connected to T. When any silting object in T is tilting, T 
is sometimes called tilting- connected if it is silting-connected. 

We pose the following natural question (cf. jAIj ). 

Question 3.2. When is a triangulated category T silting-connected? 

If ^ is a symmetric algebra and T := K'^(proj A), then Question 11.11 is nothing but Question 
E2J see Example ESI 

lyama and the author gave some answers to Question 13.21 

Example 3.3. |AIl Corollary 2.43, Theorem 3.1] Let A be a finite dimensional algebra over a 
field. Then the following hold: 

(1) If A is local, then K''(proj A) is strongly silting-connected; 

(2) If A is hereditary, then K'^(proj j4) is silting-connected. 

The following example says that there is a silting-connected triangulated category T which 
is not strong. 

Example 3.4. |AH Example 2.46] Let A be the path algebra of the quiver 1 s 2 and 
T := K'^(proj A). Then T is silting-connected (Example 13. 3p . We observe that T := 5i © -P2[l] 
is a silting object in T satisfying A > T. T is left-connected to the irreducible right mutation 
fip_^{A) of A with respect to Pi, and so it is connected to A. However T is not left-connected to 
A. Indeed, the AR-quiver of T contains the connected component: 



A = Pi®P2>Pi(BXi>X2®Xi>X2(BX3>--- 

of iterated irreducible left mutations of A such that each silting object is greater than T. Thus 
T is connected to A but not left-connected to A. 



T = To>Ti>T2> ■■■ 



summand of a silting object T' := Tj for some i >0. 



□ 



3. Silting transitivity 




We see that there exists a unique infinite sequence 
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The theorem below plays an important role in Section [5j 

Theorem 3.5. Let T, U be basic silting objects T with T >U. If there exist only finitely many 
P G silt T satisfying T > P > U , then U is left- connected to T. 

Proof. By the proof of Theorem 12. 171 observe that [/ is a direct summand of a silting object 
T' which is left-connected to T. Hence it follows from Theorem 12.61 that U is isomorphic to T' , 
which implies that U is left-connected to T. □ 

In the rest of this section, we give an application. 

Definition 3.6. We say that a triangulated category T is silting- discrete if for any silting 
objects T,U in T with T >U, there exist only finitely many P € silt T satisfying T > P > U . 

Example 3.7. If T = add{M[i] | i G Z} for some object M of T, then T is silting-discrete. For 
example let A be a piecewise hereditary algebra of Dynkin type. Then putting M equal to a direct 
sum of non-isomorphic indecomposable A-modules, we obtain K^(proj j4) = addjMfz] | i G Z}. 
Hence K'^(proj^) is silting-discrete. 

We have the following observation. 

Proposition 3.8. The following are equivalent: 

(i) T is silting-discrete; 

(ii) For any basic silting object T inT and any non-negative integer i, there exist only finitely 
many P £ silt T satisfying T > P > T[i]. 

(iii) T has a basic silting object M such that for any non-negative integer i, there exist only 
finitely many P G siltT satisfying M > P > M[i]. 

Proof. The implications (i)=>(ii)^(iii) are obvious. We show the implication (iii)=^(i). Let T, U 
be basic silting objects in T satisfying T > U. Since M is a silting object, applying shifts, we 
can assume M >T. Since C/ is a silting object, there is an integer n such that U > M[n]. Thus 
we have M > T > U > M[n]. Hence the assertion holds since there exist only finitely many 
P G siltT satisfying M > P > M[n]. □ 

The corollary below is an immediate consequence of Theorem 13. 5[ 

Corollary 3.9. IfT is silting-discrete, then it is strongly silting- connected. 

4. Silting objects induced by torsion classes 

In this section we show that any covariantly finite torsion class gives rise to a silting object. 
The last result of this section plays an important role in proving our main result. 

Throughout this section let ^4 be a finite dimensional algebra over a field and T := K'^(proj A). 
For any full subcategory £ of mod A, we define full subcategories of mod A by 

^£ = {M G mod^ I HomA(M, E) = for any E e £}; 

= {M G mod^ | RomA{E, M) = for any E G £}. 

For any y4-module X, we simply write (respectively, X-^) instead of ~^{addX) (respectively, 
(addX)^). 

We recall the definition of a torsion class. 

Definition-Theorem 4.1. |ASSj Let C be a full subcategory of mod^. We say that C is a 
torsion class in mod A if C is closed under extensions and taking factor modules. 

Let C be a torsion class in modvl. For any ^-module X, there exists an exact sequence 
^ X' ^ X ^ X" ^ with X' eC and X" G C-^. We call X' a torsion part of X and denote 
it by tor(X). Moreover the exact sequence above implies that there is an equality C = ^(C^). 
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There is a fundamental example of a torsion class in mod A. 

Example 4.2. |ASSl Example VI. 1.2(a)] For any A-module X, the full subcategory -^X of 
mod A is a torsion class. 

Definition 4.3. Let be a full subcategory of mod^ which is closed under extensions and 
X be an A-module in £. We say that X is Ext-projective (respectively, Ext-injective) in £ if 
Ext\{X,E) = (respectively, Ext\{E,X) = 0) for any ^-module E in £. 

We denote by r the Auslander-Reiten translation of A. 

The following result gives a characterization of Ext-projective and Ext-injective modules. 

Lemma 4.4. |AH1 Lemma 2.6, 2.12] Let C be a torsion class in mod^ and X be in C. 

(i) X is Ext-injective in C if and only if it is isomorphic to tor(/) for some I € addDA; 

(ii) X is Ext-projective in C if and only if tX belongs to . 

For a full subcategory £ of mod A, we define the annihilator of £ to be the ideal 

ann^" = {a G A | Ea = for any E G £}. 

Let C be a torsion class in mod^ and let B be the factor algebra A/annC of A by annC. Then 
it is easy to see that any A-module in C can be naturally regarded as a right -B-module, and 
tor{DA) is isomorphic to DB as a right i?-module (cf. [S]). 

It is well-known that a tilting module induces a torsion class. Moreover such a torsion class 
is characterized by covariantly finiteness. 

Lemma 4.5. [S] Let C be a torsion class in mod A and X be a direct sum of non-isomorphic 
indecomposable Ext-projective modules in C. Then the following are equivalent: 

(1) X is a tilting module as a right A/ annC -module; 

(2) C is covariantly finite in mod A. 

Remark 4.6. For any A-module M, addM is covariantly finite in mod A. Hence if A is 
representation-finite, then the condition (2) in Lemma 14.51 automatically holds. 

Now we construct a complex in K'^(proj A) induced by a torsion class (cf. lAHj). 

Definition 4.7. Let C be a torsion class in mod A. Let X be a direct sum of non-isomorphic 
indecomposable Ext-projective modules in C, and V a direct sum of non-isomorphic indecom- 
posable injective modules in C"*-. We define a complex T in K^(proj A) as 

(0th) (1st) 

p 

Pi -^Po 

e 



T := Tc :-- 



where Pi — > Pq is a projective presentation of X. 

Example 4.8. Let e be an idempotent of A and / := z^(l — e)A. We see that T±j is isomorphic 
to the complex: 

(0th) (1st) 



T 



P{eA{l - e)A) eA 

e 

il-e)A 
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where pe gives a projective cover of the submodule 6^4(1 — e)A of eA. Actually, we observe 
that any injective ^-module in ("'"/)"'" belongs to add/ and see that M := eA/eA{l — e)A is an 
Ext-projective module in We shall show that any Ext-projective module in -*-/ belongs to 
addM. Note that all composition factors of any ^-module in belong to add(topeA). Let 
X be in -*-/. We take a minimal right addM-approximation / : M' — ?• X. Since M is an Ext- 
projective module in we obtain Homyi(M, coker /) = 0. This implies coker/ = 0, so / is 

J 

an epimorphism. Thus we have an exact sequence ^ y ^ M' A X ^ with y G -L/ and 
M' G addM. In particular if X is an Ext-projective module in then it belongs to addM. 

As the first step toward the main result of this section, we show the lemma below. 

Lemma 4.9. Let C be a torsion class in mod A. Then Tc is a partial silting object in T. 

Proof. We use the notation of Definition 14. 7[ By Lemma 14. 4^ we have that {^T) ~ tX © V 
belongs to . Hence by Lemma 12.71 we obtain isomorphisms 

Homr(r,r[l]) ^ I)HomKb(^odA)(r[l],^r) 
~ DY{oinA{H^{T),H^{uT)) 
= 0, 

which implies HomKb(pi.ojA)(^!^[^]) = ^'^Y i > 0. Since A[— 1] > T > A, it follows from 
Proposition 12.161 that T is a partial silting object. □ 

We now state the main result of this section. 

Theorem 4.10. Let C be a torsion class in modyl. If C is covariantly finite in mod^, then 
T := Tc is a silting object in T. Moreover if fC is contained in C, then T is a tilting object. 

Proof. Let X and V be as in Definition 14.71 For an object M of mod A or T, we denote by |M| 
the number of non-isomorphic indecomposable direct summands of M. Since C is covariantly 
finite in modj4, X is a tilting j4/annC-module by Lemma 14.51 Hence we obtain equalities 
\X\ = |A/annC| = \ tor{DA)\ = \DA/Vl which imply |r| = \X\ + \V\ = \DA\ = \A\. Since T is 
a partial silting object by Lemma 14.91 it follows from Proposition 12.13] that T has to be a silting 
object. 

Assume C 5 vC. Then we also have ^ /^"^(C"*"). Since tX is in by Lemma 14.41 we 
observe that H^{T) ~ v~^tX © v~^V belongs to C^. Hence we get an isomorphism 

Homr(T,r[-l]) ~HomA(i/^(T),F°(r)) =0. 

Thus the last assertion holds. □ 

5. TiLTING-CONNECTEDNESS FOR REPRESENTATION-FINITE SYMMETRIC ALGEBRAS 

In this section we consider silting-connectedness of K'^(projyl). In particular, we prove the 
main result of this paper (Theorem 15. 2p . The assumption that A is not only self-injective, but 
is symmetric, finally plays a role. 

Throughout this section let A he a, finite dimensional algebra over an algebraically closed field 
and r := K^(proj A). 

The proposition below has the key to prove our main result. 

Proposition 5.1. T is silting- connected if, for any algebra A which is derived equivalent to A, 
the following conditions are satisfied: 
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(Al) Let T be a basic silting object in K'^(proj A) with A[— 1] > T > A. Then T is connected 
to both A and A[— 1]; 

(A2) Let P be a basic tilting object in K'^(proj A) with A[— ^] > P > A for a positive integer i. 

Then there exists a basic tilting object T in K^(proj A) satisfying A[— 1] > T > A such 

that T[-i +1]>P>T; 
(A3) For any basic silting object T in K'^(proj A), there exists a basic tilting object which is 

connected to T. 

Proof. By (A3), we shall show that any basic tilting object is connected to A. Let P be a basic 
tilting object in K^(proj^). Note that all shifts of A are connected to A by (Al). Therefore 
we can assume ^] > P > A for some i > 0. Let T be a basic tilting object of K^(projA) 
as in (A2). Since ^[—1] > T > A, we observe that T is connected to A by (Al). Since T is 
a tilting object, we obtain an equivalence F : K^(proj^) ^ K^(proj End7-(r)) of triangulated 
categories which sends T to End7-(T). Applying (A2) to End7-(T), we have a basic tilting object 
T' in K'^(proj Endr(T)) satisfying FT[-£ + 1] > T'[-£ + 2] > FP > T' > FT. Hence we get a 
sequence 

A[-e] > Ti[-i + l]>T2[-£ + 2]>P>T2>Ti>A 

of basic tilting objects in K'^(proj A), where Ti := T and T2 := F~^T'. As Ti [—1] >T2 > Ti, we 
obtain that T2 is connected to Ti by (Al). This implies that T2 is connected to A. Continuing 
the argument above, we see that P is connected to A. □ 

The aim of this section is to prove the following result. 

Theorem 5.2. K'^(proj^) is tilting- connected if A is a representation-finite symmetric algebra. 

To prove this theorem, we check that the three conditions in Proposition 15.11 are satisfied. 
Let us start with an observation on satisfying the condition (Al). 

Lemma 5.3. // A is representation-finite, then there exist only finitely many T G silt T satis- 
fying A[—l] >T>A. Hence the condition (Al) holds. 

Proof. Note first that every complex of length 2 in T is a shift of a projective presentation of 
an ^-module up to projective direct summand. Since A is representation-finite, there exist only 
finitely many T G siltT satisfying A[— 1] > T > ^4 by Proposition 12.91 Hence it follows from 
Theorem 13.51 that T is left-connected to j4[— 1] and A is left-connected to T. Thus the condition 
(Al) holds. □ 

Next we show that a good algebra meets the condition (A2). 

Lemma 5.4. The condition (A2) holds if A is a representation-finite self-injective algebra. 

To prove this lemma, we need the following important result. 

Lemma 5.5. Let P be a presilting object in T with A\—£\ ~> P ~> A for a positive integer i. If 
^H^{vP) is covariantly finite in mod j4, then there exists a silting object T with A[—l] >T>A 
satisfying T[—i-\- 1] > P > T. Moreover if A is self-injective and addP = addi^P, then T is a 
tilting object. 

Proof. Note that P is isomorphic to a complex (• • • — )■ ^ P'^ — ?> • • • — )■ P^ ^ ^ • • • ) by 
Proposition ESI Put X := H^{vP) and C := -^X. By Example [321 the fuh subcategory C is 
a torsion class in mod^. Since C is covariantly finite in mod^, T := Tq is a silting object by 
Theorem 14.101 
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(i) We show P >T. It is enough to prove Hom7-(P, r[l]) = 0. Since H^(T) belongs to C, by 
Lemma 12.71 we obtain isomorphisms 

Homr(P,r[l]) ^ i?HomKb(^odA)(r[l],z>P) 
DRomA{H^T),X) 
= 0. 

(ii) We show T[-£+l] > P. We only have to prove Homr(T, P[£]) = 0. Since by Lemma[22] 
we obtain isomorphisms 

RomA{H'{P),X) HomKb(^odA)(^M,^^) ^ DBomriP, P[i]) = 0, 

we see that H^{P) belongs to C. By Lemma 14.41 we observe that H^[vT) is in C^. By Lemma 
12.71 we get isomorphisms 

Homr(T, P[£]) i;HomKb(^„dA)(^'M, ^T) 
~ DRomAiH\P),H°{iyT)) 
= 0. 

Thus the first assertion holds. 

Assume that A is a self-injective algebra and addP = addi^P. Then v and commute with 
H^. Since addP = addi^P, we have addX = addv~^X. This implies C ^ vC. Hence the last 
assertion follows from Theorem 14. 101 □ 

Now we are ready to prove Lemma |5.4[ 

Let P be a basic tilting object with > P > A for some ^ > 0. Take a torsion 

class C as in the proof of Lemma 15.51 By \AR\ Theorem 2.1] (see Theorem IA.4p . we have an 
isomorphism P ~ I'P. Since C is covariantly finite by Remark 14.61 we obtain a tilting object T 
with A[-l] >T>Aand T[-£ + 1] > P > T by Lemma[531 □ 

Now we are ready to prove Theorem 15.21 

We have (Al) by Lemma 15.31 and (A2) by Lemma 15.41 Since A is a symmetric algebra, any 
silting object is tilting by Example 12.81 This immediately implies (A3). Hence it follows from 
Proposition 15.11 that T is tilting-connected. □ 

We now show the following statement, which is stronger than Theorem 15.21 

Theorem 5.6. K^(projA) is silting-discrete if A is a representation-finite symmetric algebra. 

Proof. Note that any silting object in T is tilting, since A is symmetric. Let i > 0. We prove 
that there exist only finitely many P G siltT satisfying A[— ^] > P > A hy induction on £. If 
i = 1, then it is evident by Lemma 15.31 Assume i > 1. It follows from Lemma 15.41 that for any 
basic tilting object P in T with A[— ^] > P > A, there exists a basic tilting object Tp satisfying 
A[-i] > Tp[-i + l]>P>Tp>A. By Lemma ESI the set {Tp G siltT | A[-i] > P > ^} is 
finite. Hence by the induction hypothesis, the assertion holds. □ 

As a consequence, we obtain a Bongartz-type Lemma for representation-finite symmetric 
algebras. 

Corollary 5.7. |AHl Theorem 3.6] If A is a representation-finite symmetric algebra, then any 
pretilting object T in T is partial tilting. 
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Proof. Since A is symmetric, we clearly have an isomorphism T ~ i/T. So we can apply Lemma 
5.5i By the same argument as in the proof of Proposition 15.11 we have a tilting object U 
satisfying ?7[— 1] > T > U . Hence it follows from Proposition 12.16] that T is a partial tilting 
object. □ 



3 with relations 



Example 5.8. Let A be the algebra presented by the quiver 1 > 2 

2:1X2X3X1 = X2X3X1X2 = X3X1X2X3 = 0. Then ^ is a representation-finite symmetric algebra. 
Define an object T of T as a complex 



(0th) (1st) (2nd) 

^1 , p^ 

P2 



We can easily check that T is a tilting object. We observe -^H'^(T) = add \^Si © ^3 g 

By Lemma 14.41 it is obvious that Si and 1 ) Ext-projective modules in -^H^{T). Hence 
we take a tilting object Ti := Tq as a complex 



^1 = 



(Oth) (1st) 

P2 

P,-^P,. 



We see that Ti is an irreducible left mutation of T. Moreover, we have an isomorphism A ~ 
fi^^_^p_^fi^^^p,^{Ti). Thus A is left-connected to T. 

The silting quiver, which we will now define, is very useful for observing the behavior of silting 
objects under iterated irreducible silting mutation. 

Definition 5.9. The silting quiver of T is defined as follows: 

• The set of vertices is silt T; 

• We draw an arrow T — ?> [/ if [/ is an irreducible left mutation of T. 

To simplify the notation, we identify each basic silting object T with T[i] for all integers i and 
use arrows T —[1]^ U which mean T ^ . 

Note that the silting quiver of T is connected if and only if T is silting-connected. 



Example 5.10. [All Example 2.48] Let A be the algebra presented by the quiver 1 



with relations {abYa = = {baYb {£ > 1). Then A is a representation-finite symmetric algebra. 
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By Theorem 15.21 the siltmg quiver of T is connected, and in fact it is the following quiver: 




Appendix A. Derived invariances of self-injectivity 

In the representation theory of algebras, it is important to know which properties of algebras 
are derived invariant. By Lemma 12.71 it is obvious that the properties of being symmetric and 
being Iwanaga-Gorenstein are derived invariant. However it is non-trivial to show that self- 
injectivity is derived invariant. This was proved by Al-Nofayee and Rickard. Here, we show it 
as an application of the partial order. 

Throughout this section let ^ be a self-injective algebra over an algebraically closed field k 
and r := K^(proj A). 

Since A is self-injective, it is clear that the Nakayama functor v of A acts on T. Moreover 
for any silting (respectively, tilting) object T in T, we see that vT is also silting (respectively, 
tilting) . 
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Lemma A.l. Let T he a basic tilting object in T. Then we have T > vT. Moreover any object 
XofT with T > X satisfies T > vX . 

Proof. By Lemma 12.71 we have an isomorphism Hom7-(T, i^T[i]) ~ DHom7-(r[i], T) = for any 
i ^ 0. Therefore we obtain T > uT. We can easily check that any object X of T with T > X 
satisfies vT > vX. Hence the last assertion follows from Theorem 12.61 □ 

Al-Nofayee and Rickard observed that the following result follows easily from Corollary 9 of 
|HSj . It will play an important role in our discussion. 

Proposition A. 2. jARl Theorem 1.1] Let K be a finite dimensional algebra for a field, and 
• • • , P""*^, P^,P^, - ■ ■ a sequence of finitely generated projective A-modules, such that P' = for 
all but finitely many i. Then up to isomorphism there are only finitely many complexes 

P= > P~^ ^ P^ ^ P^ ^ ■■■ 

satisfying HomKb(proj a)(P, P[l]) = 0. 

Using this proposition, we deduce the following fact. 

Lemma A. 3. For any basic silting object T in T, there exists a positive integer n such that 
v"'T is isomorphic to T . 

Proof. Applying shifts to T, we can assume A>T. By Proposition 12.101 there exist ^ > and 
Pq 5 Pi ) • • • iPt G Pi'oj ^ with triangles 

Ti Po T ri[i], 

' ' ' 5 

T^ P£-i Tf-i T^l], 

Pi Ti 0. 

Since A is a self-injective algebra, we have a positive integer s such that Pj ~ f'^Pi for any 
{) <i < I. Therefore we also obtain triangles 

u'Ti Po u'T i/^Ti[l], 

* * * ; 

v'Ti P^_i v'Ti-i u'Ti[li 

Pi y'Ti 0. 

This implies that for each i, the i-ih term of v^T is isomorphic to that of T. By Proposition 
\A.2\ there exists a multiple n of s such that T ~ i/"T. □ 

Now we recover a result of |ARj which is important in the proof of derived invariance of 
self-injectivity. 

Theorem A. 4. |ARl Theorem 2.1] Let T he a basic silting object in T ■ Then the following are 
equivalent: 

(1) T is a tilting object; 

(2) vT is isomorphic to T. 
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Proof. We show the hnpHcation (2)=>(1). As T ~ vT, by Lemma 12.71 we have isomorphisms 

Homr(r,r[i]) ~ L»Homr(T[i],i/r) ~ DHomr(r, T[-i]). 

This immediately imphes that Hom7-(r, T[i]) = for any i <0. 

We show the imphcation (1)^(2). Since i^^T is tilting for any j € Z, by Lemma I A. II we have 
a sequence 

T>vT> v^T > ■■■ 

of basic tilting objects. By Lemma [A.3[ we obtain T z^"T for some n > 0. Hence the assertion 
follows from Theorem 12^ □ 



Corollary A. 5. |ARl Theorem 2.1] Self-injectivity of algebras is derived invariance. 

Proof. Let T be a basic tilting object in T = K'^(proj ^4) and put B := End7-(r). 

We will show that there exists an isomorphism DB ~ Hom7-(r, z^T) of right i?-modules. By 
Lemma [2. 71 we have a functorial isomorphism S : Dliom.-j-[T, —) — > Hom7-(— , vT). This implies 
that St ■ DB Hom7-(T, i/T) is an isomorphism of /c-vector spaces. Since 5 is functorial, for 
any / : X — > y in T we obtain a commutative diagram 

DRomriT, Y) Homr(y, i^T) 



DHorariTJ) 



Homrif,vT) 



DRomriT, X) — ^ RomriX, uT). 

Sx 

Putting X = Y = T,hy the commutative diagram above we find an equality Sxia-f) = St{oi)- f 
for any a € DB. Hence we see that St is an isomorphism of right 5-modules. 

On the other hand, by Theorem IA.4I we have an isomorphism ip : T — > uT. Therefore 
Hom7-(T, (p) : B ^ Hom7-(T, vT) is an isomorphism as a right i?-module. Thus we obtain 
B ~ DB as a right S-module, which says that i? is a self-injective algebra. □ 



Remark A. 6. In the proof of Corollarv IA.51 we have two algebra isomorphisms 

v.B^ Endr(i^T) (A. 6.1) 

B ^ Endr(z^r) (/ ^ iffif-^) (A.6.2) 

Thus the /c-vector space M := Hom7-(T, lyT) has two kinds of structure as a left S-module. 

By a similar argument in the proof of Corollary IA.51 regarding M as a left i?-module through 
the algebra isomorphism (|A.6.ip . we see that St is an isomorphism as a (_B, i?)-bimodule. On the 
other hand, regarding M as a left i?-module through the algebra isomorphism (jA.6.2p . we observe 
that Hom7-(r, (p) is an isomorphism as a {B, i?)-bimodule. However DB is not isomorphic to B 
as a [B, i?)-bimodule unless ^ is a symmetric algebra, since the algebra isomorphisms ()A.6.ip 
and ()A.6.2p are different. 

We close this paper by giving an application of Lemma l2.11l 

Let {Pi, • • • , Pn} be the set of non-isomorphic projective indecomposable ^-modules. Then 
there exists a permutation p of the set / := {1, • • • , n}, called the Nakayama permutation of A, 
such that I'Pi ~ Pp{i) for any integer i in /. 

We denote by tilt T the isomorphism classes of basic tilting objects in T. 

We have the following result, which was proved by Abe and Hoshino. 

Corollary A. 7. \AR\ Proposition 2.14] If the Nakayama permutation of A is transitive, then 
we have tiltT = {A[i] \ i £ Z}. 
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Proof. Let T be a basic tilting object in 7~. We can assume A > T and H^{T) ^ 0. By 
Proposition 12.10] we have triangles 

Ti Po T Ti[l] 

* * * 5 

Ti Pi-x T^-i T^l] 

Pt Ti 

for some Pq 7^ 0, Pi, ■ ■ • ,Pe(z add A. By Theorem IA.4[ we obtain an isomorphism T ~ z/T, and 
so we get an isomorphism Pj ~ z^Pj for any < i < £. Since Pq ~ i^Pq and the Nakayama 
permutation of A is transitive, we see that A is in addPo. By Lemma [2. Ill we have i = 0. Hence 
T belongs to addA, which implies that there exists an isomorphism T ~ A. □ 
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